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A.II questions are compulsory 

L (a) (i) Let X== RU {oo }u {-oo }. Define the metric don 

,Xby : · I 

I I . . . 

d(x, y) = tan~ x - tan- y I; x, y e X, 

where tan-1 (oo) = rr/2 and tan-1 (-oo) . ~rc/2. 

· · Show that (X, d) is a metric space. 

(ii) Let X· denote · the set of all Riemann integrable 

functions on [at b]-Foti, g ht X, define: 

d(f, g) = J:ll(x) -- g(x)I dx, . 

Show that dis not ll metric on X. · 3+ 3==6 

{hJ Prc,ve that a sequence 111 It" is Cauehy In the Euell .. 

detttt 1neltlo d1 If and ott1y 1f It I~ C1tu(!hy ln the 

tt1axfmum mt,trlc dt:XJ . · 6 

1'. 1◄• ·o. 



. -· 2 

( c) (i) Show that the metric space (X, d) of ~tiollal 

numbers is an incomplete metric ~-

(ii) Let x be any nonempty set and d be the discrete ~ 

metric defined on X Prove that the metric space 

· (X, d) is a complete metric_ space. · 3+ 3==<, 

2. ( a) Let (X, d) be a mettic space. Prove that the inter. 

section of any finite family of open sets in X is an open 

set in X. Is it bue for the intersec.tion of an arbitrary 

family of open sets? Justify your answer. 6 · 
I • 

(b) Prove that if A is a subset of the· metric space (X, d), 

then d(_A) = d(A). 
6 

( c) Let F be a subset of a metric space (X, d). Prove that 

the foHowing are equivalent: 

(i) x e F -

(ii) S(x, E) nF:J& 0 for every open ball S(x, E) centered 

· atx; 

(iii) There exists an inf mite sequence {.tn}, n~ I of 
t 

, , points (not hecessarHy distinct) of F such 

that x,, -t x. 
6 

3
' : ~~t (.X:, cl) bl! 11 mettle 1'p1tce.11rtd Z c Yi;; X. If tJJc(Z) 

v(Z) det1ute, te!lpettltely, the cfosure/J of Z Ju the 

mettle ~p11ee~ :X IUtd Y, thet1 1'htJw thltt: 

· clv(Z) ., f n tilJc(ZJ. . 8 



3 
(b) (i) L_et y be· a nonem · 

. . . dx), and ~ subset of a metric space ~ 
closed in f • dv) IS complete. Show that y is 

.(ii) Is -the converse of part () - - -
answer. · . 1 true? Justify your 

4+2=6 

( c) Let dp (p 2!: 1) on the set Rn be given by: 

d,,(x, ly) = (Lj=1fx1 - Y1f P) 11" , 

for all x=(x1, X2, ..• , Xn): y=(y,, Yl, ... , Yn) in R". Show 
that (.Rn' dp) is a separabI~ metric space. . . 6 

4. (a) Prove that a mapping f. (X, dx) ➔ (Y, dv) is 
· continuous on X if and only if F1(F) is closed in X for all 
closed subsets F c;,f Y. - 6 ½ 

(b) (i) Define an . isometry between the metric spaces 
· (X, dx) and (Y, dv ), and show that- it is a 

homeomorphism. 

(ii) Is the completeness of a metric space.preserved 
· under homeomorphism? Justify your answer. 

4+2½=6½ 

( c) State and prove the Contractiod Mapping Prlnciple. · · 
1½+S=6½ 

5. (a) Let/be a n1apping of {X, dx) into (\', d,•). Prove thut/ 
ls cu11tit1UtJtts ou X lf Elt1d t1111y if for every subset F of Y~ 

1-1 c11°J t: cr-1cFJJl' 6\4 
P. t . O. 



4 
. . 

·(b) Prove that the metrics di, d2 and doo defined on_ Rn 

by: 

' .. 
"°'n I 12) 1/2. d d2(x,y) = VJj=l Xj - Yi , an 

doo (x, y) = max { I Xj - Yi I : j = 1,2, .. , n} · 
for x = (xi. x2, ... , xn) and y = (Yi, y~, ... , yn) E Rn 
are equivalent. · 6½ 

. ( c) Prove that a metric space (X, d) is disconnected if and 
only if there. exists a continuous mapping of (X, d) 

onto the ~iscrete two element space (Xo, do), 6½ 

6. ( a) If every two points in_ a metric space X are contained 

in · some connected subset of X, prove that X is 
connected. 6½ 

(b) Let (X, d) be a metric space and Y a subset of X. 
Prove that if Y is compact subset of (X, d), then Y is 
boµnded. Is the converse true? Justify your answer. 

6½ 

( c) If I is a one-to-one continuous mapping of a compact 
metric space (X, dx) onto u metric space (Y, dy ), then 
prove thttt/is a homeomorphist111 6½ 
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Question No. I has been divided in IO parts 
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, 
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I. State true Cf) or false (F). Justify your answer in brief : 

(a) Z
2 

EB ·z1 ·is iso111orphlc to Z whete Z Is used for gt·oup 
., (j II 

{O, I, 2, ... ..... ..... . ; H - I} u11det· adclltlc111 h1odulo H, 

(b) Th~ lat·gest f:)U~$lb'le tnde11 of tt11y elet11el'tt tJ f extet11al 
.• 

cll1·ed ~tt,dtlt l 'l El3 z Et! Z Is 36 · 
~ (l 2 . 



(c) 

(d) . 

(e) 

. (tJ 

(g) -._ 

( 2 ) 

· ·.L e -n~rmal subgroups_of a group G 
If H, K and ar . . . . . 1'hen 
. . . . 

.. - · -' 1 direct ·product -of H;,-K and L ifG === HKL 
0 15 interna . . . _ and . . 

~ K L === { e} wher~ e is identity of G .. 
H n n 

~ 

.. . . f the group _ of inn~r .automorphis The order .o . . . rns of . . . 
• • I 

. · p of integ~rs i·s greater than I. 
addittve grou . 1 • 

The .dihedral group· Os of· or~er ~ is ~ subgroup of the 

symmetric group S 4. 

Fo; ~ny two gr~ups G
1 
·and G2, G1 ~ G2 is .isomo"rphic to 

-. 

Let o be a rton-abelian group. · A map O x G ➔ G is given 

by (g, a) ~ g. a= ag for aJl g and a in G. This is an action 

of G on itself . 

. (h) Every subgroup H ()~ a group d of index 2 is t1ortnal 

lt10. 

(I) It ~rd.et· of a gtttup d Is ·greatet' thah I; then the conjugacy 

ttt:tl~11 of' d t>t1 lts~lf Is tnuisltlve. 

(}) IH Sj the all ttlHJugm:y classes ate {{ I 2); ( I 3 ) ➔ (2 3)} tthd 

{{1 23J, (13 2)L 



2. 
(a) 

(b) 

. (_ 3 ) 94 

prove that for any positive integer n, Aut(Z ) is 
"· . 

isomorphic to tJ(n). where z;, is the group. {O, 1, 2 .. ·.: .. , 

n ~ l} u·nder-addition modulo n. and _U(n) the gr()up of 
" . . . . . 

_- uni_ts under multiplication modulo n _and _Aut(Z) denotes _ 

the group ~f automorphisms . of z,,. 

I . 

~ . 
Define the commutator subgroup G' of a group G. Prove 

that · GIG' is abelian and i( GIN is abelian then G' is 

subgroup of N. _ · 

• • ~ • I 

(c) Prove that the order of an ~lement of a direct product of 

fnite number qf fin1te groups is the least common multiple · 

. of the orders of the components · of the . element. 
. . 

3. (a) -Prove that if a group G is the internal direct product of a· 

(b) 

(c) 

fnite number or' subgroups H
1
; H

2
, .... .. .. . •.:, H , then G is · 

. ; • )I . 

, 

isomorphic to the external direct product o·r l-1
1
·, 

F'i11d nil subgrout,s of ordet 4 lh Z ffi Z 
. 4 4' 

Let O =--= {I ; 71 l 7, 23; 491 55; 65, 71} be the gtour, u11det 

·t11ultl~llc11tltm 111c,dulo 96. bxfjte~s O as tlh ltH~t·hnl clll·ect 

vt·tldUct uf cyc lit g1·oups. 



4. 

( 4 ) 

n abelian group of order 12~ and G. h · -
(a) Let G be a . . . . . . as exactly 

ts of ord~r 2. Determine the isomorph· · ·. 
three elemen ' . . . isin class . 

ofG. · · · 

(i) (b) . . 
G be ·a group .acting on a non-empty · 

Le~ . - . . se_t A. 
. . 

D fine kernel of action -of G on A and explain h 
e 1 . • . . wen 

thi; actio~ will . be c~ll_ed faithful. _ 

(I··,·)· . Consider the action of the -~ihedral group D of Ord . . ., s . er 

8 on the set A = { { I, 3}, {2, 4}} .of the unordered pair -

_of opposite vertices of a square. ~how tpat this 

. action i's not faithful. Further,' show that for either 
I . 

. . ·a e A (a= { L 3} or {2; 4}), the stabilize~ of a in 

D
8 

equais the kernel of the action. 

(c) Let O be a group and A be arty subset of a. beflne 

cetttralizer C
0
(AJ. at1d t1ortnalizet N

0
(A) of A Ind, Further, 

ft>t. t~e syh1t11ettlc ~toup Sj tu1d a subgroup A == { 1~· (I, 2)} 

tJf Sj, tlr1d c~Htntllzet .tt11d I1tlI·I11all ze t uf A lti Sj when~ 

I dettutes ldct1tlty ot' s r 



· 5. 

( 5 ) 
94. 

(a) Let G be a ;grou~, ,H be a subgr9up of G and let G act by 

. . left m~ Jtipl ication on the set A of left cosets of H in G. Let · 

· 1tH be· t~e associated permut~~ion represen~atio~ afforded 

by this action. · ~hen, show that the following hold : 
. . 

(r) G acts transitively' on A. • 
. . 

(ir) - The stabilizer in G of I H e ~ is a s~bgroup of H 

. where I is identity of G. _. . 
. - . . 

.(iii) Kern_el of 7tH is equa~ to n.\'EG xHx-l and the kern~i 

· of 1t is ttie largest nonpal subgroup-pf .G contained 
H . . .. -. . . 

in H. 
. ' 

. . 

(b) Let G be a group a_cting on a non .. empty set A given _by 
. . . -~ . 

'g.a for all g ~ G a~d for all a~ A. If a, _ b E= A ·and 
' . , 

b = gia, forge · O; _then show that Gh = gGfi-1
:. Deduce 

th~t, if G acts transitively on A~ then k~rnel of the a~tlon 
' 

: Ii• n,.o g(Jdg- l whe~ o, denotes stablllter ofx hi 0. 

(c) (t) State the class equat,oh tb1· a finite group di Find ntl 

cuttjugncy classes a11d their sizes in the alternatittg 

gruu~ A
4
, 

(//J Let (1 be a gttn1p of otdet p1 tor sut11e prltn~ p. Shuw 

that It Is l~t1t tt c:H•Jj~Ut tu tlthe1· t ,,j vt- z
11 

x t~, 



( 6 . ) : 

6. (a) , Show th~t lor· a~y :positive inte~etn gr~ate·r than -or equal 

· ·to ·.5, the alternating gro~p A of degree ii :doe~ not have 

- . . h , • , . 

. . 
' 

-a p~oper su~group -of index Jess than n. 

, (b) - 'Prove that ·if or~er of a group a· is i-'os. then it has normal 

-, Sylow 5-subg.roup a~d _nonna( Sylo~ ·1-subgroup. : · . . 

.;,;(tt) ·. State and p,:ove -the-· Index theo~em~ Hence or oth-~rwise; 
. - . · . 

. . . . J . 

sho~ that _-ihere is no simple gro~p-of order·. 216. 

. ' . 

' .• 

• U 6 P. #\P,. '( 

' {'f,,­
Nn~/-

------~-"'" 

, 1 
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2, 

:1 

;~)" ·Bfl'dgit ap·1~~e-frnns,~ohn;,5,6lye'tht$te~.~t:equru.;tons~,t);i. ?•, 
.. . · ... ,''X

1 
, :tf 2y; y' ~ ~ ;f- ~d, x'(9) .- y~of '. ·:·:.'&>( ~ ~~ ;

1
,: ,·,, .J, .,: .. 16] 

b) Usit1g:thefactorizai1.qn s 4 +·4a~ = (s2 - ·2as+ .2·a1}fs~:'.4"·"~ai.,:~(·:,tatj, . ·ho· · ,-·-,;h•· t·· · · ·. · ... · .. s ... \'v 'l a ., .· . . .. : .... , , .. ,.· ... :,, . .,. -, ... ·· ,•, . k • 

. L~1 '{'· ·
5 

• .· } = .l....s1nha£sit1_·ia1:::· , · •s~+4a4 · 2a2 .. . 
·~ · c) · Fh1d the ~Proberlius series scHtitiot1 of · · 

, xy111 4 Zyi + xy ~ 0. (6] 
d) S,howtha~ the fu11dti'cm /:Ct}·= sin~et

2

) 'is 6ft~x~t>nehtial ortl¢t as,t ➔ ·t;xr·butthat 
, hs ·deNv.~Hv.~ ·is nor. . · · · .,.~. · f61 

a} Bxplai11 the lir1em',co t1gtue11cc rneth tJd ftit g~11.~tatihg,ta11dptl1 Mimhet'~ by glv11tg·a 
suitab le ~xa111ple. Dd~s this 111cthod likve a11y dtuwback:s? Jtltustr.ate. [6] 

b) Use Moiitc Ca,1·16 sinwltttlon to nppmxlmate the1{Wea m1dot{he cutve f(:x) =· vx~ . I 1 · . :~ . ·~ t over dn~ 111te1·vn i < x ~ ~· 6] 
c) Usitig simplex Met.ho~ 

Optlmlz~ tit+ ltY 
suhJed to - x + y ~ 12 

.t + y < 24 [,I 

· 2x + gy $ 801 x,y ~ O \~' 
d) A ~lilctll ll ad,u1· ,ht:t~ unlutidilig laei liUbs 1ft1l' slil1Js. tmly tHi~ ~htt1 tsl\ ht\ U\\\m\t ~l\ 

ut tt11y t11IL1 tl111 d. '.1'11 ~ L11iJd}tdl11g lll11c J·~~u lt·ed fbl· n ~hlli tiljli~Htl~ tm 1\w \y\,t' tm<l 
U1 t? fl lllol111l di' ttU·~o [11\cl vrtHc~ lh11H 45 lo ~o 111ll1ulM. 
l1rltnv I~ glvt·II rl Alllliltloll ,villi ~ ~11111~ , 

(\ ) 



4. 

3. 

ship l ship 2 ship 3 sh ip 4 ship 5 
Time between successive ship(in min) 20 30 15 120 25 
Unloading time 55 -l5 60 75 80 
(i) Draw the time fi ne diagrnm depicting clearly the situation for each ship, 

the idle time for the harbor and the waiting time. [4] 
(ii) List the ·,"-aiting times for all the ships and find the average waiting time. 

12] 

a) (i) Draw the graphs ofKs~ N4: and C-,. [3] 
, {ii) Define a r - regular graph. Prove th~ a r - regular graph with n vertices 

1 
has 2 n r edges. [3] 

b) (i) Define Eule~riah graph. \Vhich one among K~., c8_ Qs are Eulerian. Explain 
with reason. l3) 
(jT) State Handshaking Lemma . (3] 

c) Find two further ·ways of arranging fifteen dominoes from (0-0 to 4-4) ·in a ring. 
[6] 

d) Prove that a connected graph is Eulerian itf each vertex has even degre~. (6] 

.a) Find:n\~-H~~Y i¢ependent Frobentus series snhrtion of 
4xy;~ + iJt .+ y = O [6] 

[61 

. c'I 
·!,Ii .J Carpentetptob]em is giveh -by: 

M:aximize z ~ 25 x + 30 y 
subject to 20x + 30 y < 690 and Sx + 4 y s 120 x, :Y ~ O; . . . 
Determine the se.1isitivlty of the optimal solutioi1 to a change ln "o,, usJtig the. 
objective (q1,ctiot1 c x + 30 y, [6] 

dJ P1~ove tlntt It' G be .a gi-aph ii, \.Vhich eve1·y ve t-lex has an e,1e11 d~gi·ee, theh CJ ctrn 
be sptlt it1to cycl~s, stwli thttt 110 two cycle~ hsve 011 edge in c0rnmo11 , lt(I 
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; 

1. a) l~et d ,anp ~ be two metr'ics on a set X. let g be •the function defi.n~d on.Xx x 

•by ·g( Xi y) = mi11, { e( x. Y)~ d( ~ Y)}, Show that g need· Ti<;)t be· a metric on X'.and 
. . . . . . } . . 

find a' ~ctnditioh :under which·it is a metric.· 
-. ' . '"'-"'·"' . {6) . 

, , l•· • • • (, ' . •_~, .~' · .. 1 .',;;, : , 1 _ ,, ; 

·b) -1IDeftne~t1 i$Grrtetry tp _bet)veen t_he mettiolSpaces '(X;'q) µnl{Y, 6).,Si1ovJ tl)il ... 
,\ •' • -J-• • ~ . I I ~: 1 , 

." ' ii. . •: . r > I ' ,, ' ' ' . ,. , ' . ~ : . , '.' ~~ : 

!ev,er;,yiisonietrrJs ifij~c't1,v~I F~rlher sl1bw'tHat ,<p ':"1ls iUls6· af isdtne'~y: lti (/J . 1 .. 
: !:;: '. . • 

. a,t: ihot11<'tmt1bi·phistt1? 

o) Su~~o~e (X:, d) Is a 111ell1it space, w s X a11d A Is o·subset df.X: thcl1 t~how that , 

dist( ,¥i cl(A)) = dist(W1 A), 

wh¢r~ c.l(A) ls th (j closUl'l:1 of' A. 

2, tt) tr 8 Is ll ~ub~~I dt tf 111~lt·le ~jJnBt' X, IJl\1Ve ·ti tut 

(JJ ts0r ~ bl(SG j 

011 s~ ~ l~t e Ri rtrsttx, .~tJ > UJ. 

d) 

, I 

I, 

(6) 



b) Suppose (X, d) is a metric space and A ~ X. Show that 

diam(.4) == diam(A) 

Is diam (A 0
) = diam(A)? Justify your answer. 

o) (i) Define a bounded metric space. Give an example of a bounded and an 

unbounded meti-ic space. 

(ii) ·suppose X is a metric space and S is a bounded subset of X~ Show that . 

closure of S 1s bounded in X. 

(6) 

I 
~+~0 

) . a) Suppose (K, d) is a metric space and S is a nonempty subset of X. Prove that S. is open 

in X if Md .ouJy if S is a UTiion of open balls of X. 

j b) SupPose X Is !I in etric spate and Z IS a metric su bspuce Of X Suppose r E Ill'.+, 

j 1 f x E Z, theh prove that bx [x; r] n Z is the closed ball bz [ x; r] of Z. and all 

j 
the closed balls of Z are of this i1.1r111 . 

J c) If A is d 11otiempty subset of the metr'ic spate X thet1 slto\y thal x EA° it~ and only 

.1 

H; l·hetc Is 110 stque11 c~ lo At that coli vet·ges lox iii X. 

4. N) ti) Let A be a t1d11 c111pl y suhset t1 J' 11 111el1·lt sj,,h.:e x. PJtJ, e tha t 

lh~ h111cll tJft 1: x ➔dl~l(x, A) Is ll!Jl lb1·11ih• L:Ullli llllou c, 

r/lJ l' IHV(:' II IU( H ll 11 k ll iHI \villi ii lllst: lele 11wl1·1e <; j):!(•(• :le; Il e; dn111nlli ls ('(lll l lillll!ll 'l 

( 1 I 1
, I I (1 I l j 

(6) 

(6) 

(6) 



that a subset A of real line. R is totally bound d •t b) prove e 1 , and only if, it is bounded. 

c) (i) Let (X, d) a.nd (Y, e) are metric spaces, S is a bounded subset of X and 

f : X -, Y is a Lipschrtz fu nction. Prove that f (S) is bounded in Y. 

(i i) Suppose X is a metric space and f is a strong contraction on X. Then, prove 

that f is uni forrn ly continuous on its domain. 

(3+3 ½ = 6 ½) 

5
_ a) State Banach-; s Fixed- Point Theorem. Supposef R ➔Ris a differentiable 

function and t here exists ke (01 l). such that 1/' (x) I sk for all x r. R. 

'fhen, show thatf has a u;,ique fi xed point. 

. (6 1 ; ') . :ti ' ' 
:i . . 

b) ·Sllppose X is a non-empty set and (Y, e) is a 111efric space. ~ho\_~_thatthe 

space B(X} Y) of bounded functions from X into Y. with 1tssupremu!11 

1n~tric, s, deflned by 

- s(f,g) o sUJj{e(f (x) ,g(x): x E X} fbr t: g ti 13('.X, Y), · 

ls A dot11plele 111 etdc spflc l.! Ir a11d only ll-
1 

Y is cc1111 plcte. 

(6 ½) 

c) Pl'ove thnt the clo9t1f•t~ ur II i.: , ,,111cdcd ,:; ubsct. I\, ur a metric space (X, d) I~ 

coH11cclcd . 



G. a) Suppose (X, d) is a metric space. Prove that X is connected if anct O . 
nly if 

el.tl1
er X= 0 or the only continuous fun ctions from X to the -d◄ 

✓ 
tscret etv., 

fi 
. 0 

poin t space {O, 1} are the tvvo constant unctions. 

b) Suppose X is~ comp~ metric space and.f- X ➔Y is a continuous i·n . (G ½) 
~ ap. 

41'!. 
Pwve thatj(X) is co111pacta11d that/ is uniformly continuous. 

c) State and prove Inverse Function Theorem. 
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1. (a) Let P. == {(Z,l), (3,l)} be an °:dered basis for IR2 . Suppose that the dual basis of [3 is 
. en by {J == (f1.f2} . Then determme formulas for f and f: 1. •t1 g tV 1 2 exp IC! y. 

) r·od all the eigenvectors of the matrix A = (1 1) (b 1 4 1 . 

(c) Let A be a real n x n matrix such that A3 = A . Then show that A is diagonalizable. 

(d) Let ~ =. cqo,l]: ~e the in~1er product space of real valued continuous functions defined on 
[0,1] , with the inner p1oduct given by 

(f, g) = J0

1 
f(t)g(t)dt , for/, g EV. 

For f(t) == t and g(t) = et in V, compute (f,g), 11/11 and llgll. 

(e) Apply the Gram-Schmidt orthogonalization process to the given subset 

S = {(1,0,1,0), (1,l,1,1), (0,1,2,1)} 

of the inner product space V = ~4 to obtain an orthogonal basis for span(S). 

(f) Let F be a field and let E be a finite extension of F. Then, prove that E is an algebraic 
extension of F. 

(g) Find the degree and basis for Q( .fJ, -Is) over Q. 

(h) Prove that sirt 0 is constructible if and only if cos 0 is constructible. 

2. (a) Lel V be a finite dimensiohal vector space. Prove that V is isomorphic to its double dual 
V** . 

(b) L; l r be a linear opel'alor otl a vector space V and let 
,'.l.

1
, ,1

21 
... , ;t1, bl:! distillcl clgcnvn lues of 1' . If 171, 1J .i 1 ... , IJ1.: me eige1wectots of T such that A/ 

currespoJ1ds to 1.11 (1 $ l $ k ). tlten l 1; 1, IJ:.!., ... , Vtc J ls li11enl'ly i11dejJet1de11t. 

(cJ I .cl 7' be a littccll' opcn1 lu1· 1,1 1 ii litil! L' di111 l.' t1sio11al veclor space V u11d !el W be a T- lnvt11'iu11t 
subspace or V, '1 ltPII, (it( · \' lt lll 'lll' IC'l' i11 l il' piil>'llll)ll t!I I ur '/\ v divid eR tile dutt·ltd erl stlc poly1m111iu( or 
'/' ' 

l (1!) Lei JJ( IJ la.' n 111 l1 tl 11Ht l IH1h 11(l111 i: il 1,,1 c1 li11 t'1 ll 11 pt•l·rtt {1 1 '/' 1,1 1 n l11 til L· di111c11Riu1111 I \'C'd ol' 
r.; pm·l: V 1111d '/'0 hL· ll tt· n·11, n1w1nlu1 (l it\ ' II .(/\ t ) i~ nit\ ' p(I I) 111.1 t11inl lt)I' w l1 k l1 ,cJCI') :.- 'l'u , thl'II 
1Jllli \\ !1 111 1 p(I J rli vld1·:: ,1/ ( () I ic11u · 111 ol l lt' l \\ is1'. •; l to w lliHt lite 111i1il111n l 1111 lvtllll1 ilul ul '/' I~ 
lt tt lq1 1t· 

flJJ I l'l V l,c• ll li IIII U·I j1l111 l t1 1•I •q111v,· n\ t' I ,,. h u, 1• 11ml li ,1 ril l 1. 1• r \! , 



(x, Y) :::: ~ llx + Yll
2 

- ~ llx - Yll2 if F = Im; 

.: · (X, y) ==; Lk=1 ik llx + ikyll 2 if F = C, where i 2 = -1. 

(I . 

for the following set of data, use the least square approximation to find the line of best fit· 

(~) 
3 

9) (-2,6), (0,2), (1,1)}. 
· 

[( - 1 · I 

4
_ (a) Define an inner product Space V(F), where Vis a vector space over the field F = ~ or re. 

Also, prove that .. 

(x,y + z)· = (x,y) + (x,z) for x, y, z e V. 

(b) Let V be an inner product space and S = {vi, v2, ... , vk} be an orthogonal subset of v 

. u·na ofnon-ze.ro vectors. If y E span(S), then prove that 

consts . i::, .. 

k 
~ (y, V;) 

y = ,6t llvtll2 vi. 

(c) Let v bean inner product space, and let T and Ube linear operators on V. Prove that 

· . . uJ* = r-. + u· ~oHU co~ 
t. (T+ .. 

~ t .:. 

T0 - ·T _.f ~, .. 

i::: &u)' = u•r•, ~ \JSR.&-.R~ . :.: 

where r denotes the adjoint of operator T. * . . . . 

M..., ... v,._.:,,I, 
•~ 

• 

1 ~ .. ,, •. 
i':);{~,,~4}i>~: 

:fil_i· .',(.·-:·.~L ./'.1-····.f r::-~, 

\-.· · -
;L . ,· f 

. . 'ff / ''" . . ' ';','' 

5• (a}Let F bera field and let f(x) E F[x]. Then prove that any two splittittg fields of f(:x) ove1 

F are isos:10rphk, 

(b) Show that Q(.fi., /3) ~ Q( V2 + {3) . 
.• . 

(c:) If E, F, k ru-e fields suoh that Kis a finite extension of~ and B is n finite extensio.n of F, 

thett prcwe thttt /( is a tlnite extensio11 off? and 

[/( i F] = [/(: E][E: F] I 

61 (rt) l~tH1 ~aoh p11i111e lj tt11d eadh ,Po~htve l1itegtr ttj prove thrtt therEb ls a unique 1folte fleld of 

otdel' ptt u~ to lson1otphis111. 

(bJ Let fi' b~ a fleld n11d f (:<) u UtHH:011stlittt pdly11tH11lul fo Jr[x). l1t1ove tlu,t tfo~,·~ Is ~11 t1xtt! 11slt1I 

field 11 uf Jr 111 wl11 rl lt / (x) has tt iicl'o. 

(t J lr tt ~Htl h m·t, ct111st1·uotlbl t1 11u1.11bm·H, t-h~11 Jjt'UV~ tli 1.1 t tt + h et11tl ct - /J ~1·0 ~l ~t1 

ot1t1~ttt1~ll.8Je. ~ 

t3) 
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(!
.) Write yow· Roil No. on _the top immedi~tely on receipt of this question . 

t. nv 1v.ro parts f'rom each question. pape1 . 
(ii) Mtemp a .1 

I. 

· 11 stions carry equal marks. 
(iii) A que. 

(a) consider the LPP 
M.inimlte z == ex) 
su~ject to) AX= b.1 

X;?:0, 

~()'(IU Co 
~ 

\.. \ '€> ~ p,?, 

' 

where A is ,n x n matrix with rank ~.' If Xis an extreme point feasible solution of 
t.he feasible set, then prove that X is a basic feasible solution of the ,system 
AX== b, x 2: O. ~s the converse true? 

(b) Consider the LPP 
Minimize z :i::: ex) 
-subject t~ 

AX=b.J 
~ •-~ O, I 

~ Sttppose the1·e exists~ ba.~lc fetlsil~1e so1lution wit& zk - c1r > ·0 for some non-basic 
vat'iable x* and .lj s d, then prove that the LPP inrubounded. . 

(c) _ :StjlVe the ftlHowh1g LPl) u~lttg slm~JeK tt1ethodl 
Ml1il11ilte t t::l .x1 + .t2 ..... 4iX~ , 
su~l~tt to J 

'.Xt t.1• x~ l,,,J .tj 5l· 2 l 
- X1 ~· XP, +xd ~47 
x, ;1:~ 1id ~ ~ I 

t (tt) u~e lwt1-~liase silHjil~~ Ui~tliod tt; SdlV~ tli~ fulluwll1~1 
Mrtxl11!l1,ti ~ C g~1 + a~21 
sUl,j~til h; , 

ax1. + ~xz ~ 4> 
X·i + X~ ~ t ,, 

.t1 ~ Ui ±~. Ulll·~~lHtlml. 

··~ 



,, 
J , 

Ive the following: 
. ~f inetbod to so 

(b) l)se Bi~-, - -3X1 + 2Xz, 
Minimize z - . 

b·ect to x + x2 < L su ~ 1 . 
Xi+ X2 ~ 1} 
Xi, X2 ~ O. 

. [3 2 ] using simplex method 
th atnX 1 · 

f ind the inverse of e rn 4 -
(c) 

. fi nowjng problem: 
d al ot the o 

(a) find .the u + Xz + 2X3J 
Minitnize z ::: X1 

subject to 

(b) If x is a feasible solution of 
Maximize z == ex ) 
subject to 

X1 + 2Xz ~ 3; 
X2 + 7X3 ~ 6; 
X1 - 3x2 + Sx3 = 5 J 

x1, Xi~~ 
x3 Wlfestricted. 

Ax s b, 
X ~ 0) 

. d w is an); dual feasible solution of an . 
Minimize z• == br,~ 
subjectto Arw~cr, 

w ~ ;~) 

fhen· show that c.x s b_r W · 

c,) Solve the followittg LP;_P. by sqlvl~g its.duali . 
Maxhni~e z == -'- Zx1 -- 3xv 
subject.to 

Zx1 ..... Xz ~-3, 
x2 ~ 4 J 

Xi + JOCz ~ 10 } 
4X1 ... X2 5 """10.) 
x1 ~ 0, x~ tU11'~stl'iutf;!d,. 

: ! ,• 

4. (a) StllV~ cltc fo llowl ttg cost~111i11l111lt i11g tt'ltliSjjd1lhitro1.l ~~tJbl~m, Use Vogel's 
-a~~1'bxht1aHt:>111t1ethbd to flhtl h1ltltil hrnk f~ti~lb1epse)ut!M'l1'1i' · 

---L~ 

bi D2 1~3 Stlpply 
---· -

01 G 8 4 14 
----- - --- ··---

( J2 4 ~ 3 12 

U1 ') rJ ~ 

IJ t.' II IHI Il l n I 11 I~ 
I; J I 



,. l re the fo llowing cost-minimizing assi (b) Sv , gnment problem: 

C d I e I ------ - --1------ - '·-

A 
3 3 1 5 1 

-- 7 5 1 11 3 B 

~ 

C 
1 2 1 2 3 

,, 5 
D 

J 1 5 3 

E 3 l l 1 3 

I 

(c) use th• rt1inh:rtax cri~ia to fin~ best strategy for each player, saddle point and 
value of the gan1e haVlhg following pay off matrix: 

[
_/ta~~B 6] 

Pla:yet A 2 O i . 
5 --2 .... 4 

J t 

I~ the game fair? Give reason(s), 

s. (a) Use the tellltion of doruit1a11ce to solve the g1111.1c whose pay.off matrix ts given by 

[4 ~ i] u i ~I 

(t J ltetltmc 111~ Jt1 lluwl11~ ~ttJtt~ lu n L!H~tt~ Ptugrut1Ht1ll1~ tiltlblt1!1 u11d Iht ll uulw I,~ 
slli1 /Jlt!x 11ml lidd: 

·I - ti 
_ j 11 . 
~ ~ 

, -. I 
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Instructions for Candidates 

- (i) Attempt any five questions from each section. 
· (ii) Each question carries 5 marks. 

(iii) Use of scientific calculator, is allowed. 

Section-I 

l. Examine the f~lo'w-in-:-g-fL_m_cr_io_n_s· 1_0_1· c_o_nt-in_u_ity_a_t_o_rig-in: -Lt~, 1) ~ 
a) f(,--c,y) =~ ~ 1 

. l Q . sm-, x * b) j(x,y) = :t 

0, X:::: 0 

F--r J 

? When two resistances R1 and R2 are connected in parallel, the total resistance R .... 

satisfies !. = ~ + ~. lf R, is measured as 300 ohms with a maximum error of 2 R R1 R2 

percent and R2 is measured as 500 ohms \\ ith a maxltnum of 3 percent what is the 
maximum percentage error in R? 

3. 1 r y is a di ilCren tiable tlmction o f.t sl1ch tha l sin (x + y) + cos(x -Ji J ~ y, find ~: . 

4. Let T(x. y) be the te111pc1·atu1·e tH cuch poll,t (x. y) In a ponion or the plune that 

co11wi11s the cllipsl: ;-,. =- 2cos(t), y =- sl 11(t) !or O < t ~ 2n. Sllpposeer =J and ar ="' .. X 
.,. ax Dy ~ •. cir tl 2T 
n) "1ud rltandc1 12 

h) l.ocak the 11w-<l111u111 aml 111i11lt11Lt1n lell\lierttlllrcs 011 the clll1Jsc. " 
5. Fi lid the cq llrtt lut1, o; tile la11gct1l 11ln11c m1d 11011110 I Ii 11c ul the poinl Pu( I.· l ,2) oh lite 

su, f~ll'L1 ~ glve11 liy .X)' I· y2z ·I 1\. . 5. 

6. /'i11d th,· 11 b,111 Ilic CxlM11u l>I' tit\' lllltcl ll111 /( t, y ) "' tl·'' · JI' ,wet· iht· <l lsc ., 1 •I yl :;; I. 

s~rilon .. 1 r 
!. I\ t11111111t,c1 111111 1 lids tlrl: ,hap~ Ul'ihc cull~ gl1e11 by o :c; ~'< I, h"" 1· • I, U ~ • \. \ 

pliilc 14 p lllccd I h lhc l Ultltl Ii [Cl" 111 sud I u I\ h) th,ll II l\C\'lli1lt•i 111111 j\UI tlu11 ,,r I It~ I'll\\ t~ 
I I I I I I I IJII lie: Ill II le cu hi cul n1111i11t1c1·. 11 tit~ l'Ullllt irll't· I , hu1lt•1 I ,u \hill the 

I 111 IJWII U I c I[ ~IIC I I \1\11111 ! ~. l, ~ J 1•1 gh UI b) Ii~. ) I •I • 1x' i \11 \\11111\i d 
,,J ti •1 l ·c I Jll14 \11 htl ut e tlw littlltisl 11\lll culdcst \1111\11 ~ , ill tli~ 11l11lc1! 

6J 



S. Find the area of the region between v = cos'x) and . ( o :5 x ~; using - \ Y = srn x) over the interva\ 
a) Single Integral 
b) A double integral. 

9 show that volume of the sphere of radius R is~ rrR3 • 3 . 

1 o. Evaluate fff8 z
2
yex dV, where B is the box given by o $ x ~ 1, 1 $ y ~ 2, _1 ~ z s; 1. 

11. Evaluate Jff0 xdV • where D is the solid in the first octant bounded by the cylinder x2 
+ y2 = 4 and the plane 2y + z = 4. 

J 2. Find the centroid of the Solid with constant density /5 and bounded below bv the xy plane on the sides by the cy Ii nder x2 + /=4 and above by the surface z = x2 + y- . 

Section 111 

I 3. Suppose lhat the vector field F and curl F are both continuous in a simply connected 
region D of ]R{

3
, Show that Fis conservat ive in D if and only if Curl F = 0. 

14. Sf;ow that no ,vork is performed when an object moves along a closed path in a 
connected domain wl1ere the force field is conservative. 

15. Evaluate the line integral fc xyds where C consists of the line segment C, from (-3, 
3) to (0, O) followed by the portion ofthe curve C 2'. l 6y = x4 between (0, 0) and (2, \ ). 

16. Find the mass of a lamina of density o(x, y, z) = z \11 the shape of the hemisphel'e 
z=[a2 - xz - y2 . 

17. t2 va I uatc f J (x + y + z) dS where S Is the surface determined by R (u1 v) = ui + 
uf ~ vk, 0 $ it < L O < u < 2. 

18,,St,He di verge 11 ce thcnrcm ttnd uqe it to evalllutt JJ.l"i /:. N dS whe1·c f' = xy ! - z
1 
k 

al td s ls the )l lld[ICe ur ll1e tippet· ll \le foccs or lhc t11·1il l,;L\be O ~ X < t, D < y 5 1, 0 ~ 
z < J. 

I »I 
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